The solution for the potential distribution between a spherical and planar electrode is briefly reviewed and derived in a simple way using the method of images. An analysis of the convergence of the potential, as a function of the number of image charges accounted, is also performed. Once the potential is obtained, the evaluation of the electric field, capacitance, energy of the system and the force between the electrodes is straightforward. The solution is illustrated with pictures, schematic representations and numerical examples. Keywords: sphere-plane potential, electric potential, method of images, sphere-plane electrodes.
Introduction
The solution of the potential distribution between a spherical and planar electrode constitutes an academic problem, which was already described by physicists almost 150 years ago. Nevertheless, it is not easy to find a reference with a solution that is immediately applicable. Although many authors, dealing with electrostatics, refer to the classical textbook by Smythe, unfortunately, this book does not present the potential distribution in a simple way [1] .
The idea of image charge for field problems is due to Lord Kelvin, but Maxwell [2] , Lodge [3] , and Searle [?] extended the scope of the method. An excellent discussion on the distribution of the potential as a function of the system's coordinates was given by A. Foster in his PhD thesis [4] for a point charge between a sphere-plane capacitor. Foster uses the method of images to calculate the contribution of a point charge to the electric potential of the system.
Theoretical models for the electric potential distribution in the space between electrodes are useful for the calculation of the trajectories of charged particles and the prediction of flashover voltages over a given range of field conditions. Experiments based on high-voltage breakdown tests play an important rule in electrical engineering education. Real laboratory experiments designed to determine the voltage at breakdown have been combined with computer-based simulations and have produced stimulating teaching experiences. The experience gained with such a combination of teaching procedures is presented in the work of Lowther and Freeman [5] . The work of J.H. Cloete and J. van der Merwe [6] also describes an experiment for the determination of the voltage at breakdown by slowly decreasing the spacing between two conducting spherical electrodes. Their paper gives a detailed explanation on how to apply the method of images to model this practical problem. For many electrostatic systems, the method of images provides a simple solution, when solving Laplace equation would be very complicated, as is the case of the sphereplane system of electrodes.
In this paper we also use the method of images to obtain an analytical solution for the potential distribution in the space between a conducting sphere and a plane electrode. Our goals are to familiarize students with this method by solving the sphere-plane electrostatic problem and to present easy to use equations for the potential and the electric field. Once the potential distribution is obtained, the electric field distribution and system parameters like capacitance, stored energy and force between the electrodes can be deduced straightforwardly.
Method of image charge
Almost without exception, old and new textbooks on applied electromagnetism discuss the method of images, and this clearly shows the importance of the method for science and engineering. According to Binns, Lawrenson and Trowbridge [7] , the essence of the method of images consists in replacing the effects of a boundary related to an applied field by distributions of charges "behind" the boundary line as illustrated in Fig. 1 for two configurations that will be combined to deduce the potential for sphere-plane electrodes. The first configuration consists of a point charge and a grounded conducting infinite plane and this is shown in Fig. 1(a) . The second configuration consists of a point charge and a grounded conducting sphere shown in Fig. 1(b) . The solid and dashed lines represent the real and virtual fields respectively. The point from where the dashed lines diverge is the image charge. The field pattern, and consequently, the potential distribution for the real electrodes system is equivalent as the one generated by two point charges. The advantage of the image method is that the evaluation of the potential with point charges is simple and straightforward.
A schematic representation of the sphere-plane electrode system is presented in Fig. 2 . The two electrodes are subject to a potential difference V and the derivation is presented in cylindrical coordinates. According to the chosen reference frame, the conducting plane is placed at the coordinate z= 0 and its electric potential φ p is set to zero. The electric potential φ s at the spherical electrode is V , being the potential difference between the spherical and the planar electrode. The sphere has radius a and its center is placed at z = z 0 . The minimum distance d between the sphere and the grounded plane is d = z 0 − a.
To find the potential for this system using image charges, we start considering an isolated sphere with charge q 0 , which generates the potential V at the surface. Then, q 0 can be expressed in terms of its resulting potential V as
where k = 9 × 10 9 Vm/C is the electrostatic constant. In the presence of the plane at z = 0, charge q 0 generates an image of same magnitude and opposite sign -q 0 at position -z 0 . The image charge -q 0 also generates an image in the sphere with position and magnitude given by
(a) (b) This situation is depicted in Fig. 3(a) . The image charge q 1 , in turn, generates -q 1 at the plane, which generates q 2 in the sphere and so on. Fig. 3(b) represents the final charge distribution. The position and magnitude of the i th image charge are given by the recurrent
The derivation of Eqs. (2) to (5), which can be found in many textbooks, will not be repeated here.
It is convenient to define a normalized charge ξ i = q i /q 0 , that will be used later. Dividing Eq. (5) by q 0 we get
with ξ 0 = 1. Charge distributions for three configurations of the problem are shown in Table 1 . The results show the effect of the minimum distance d between the electrodes on the charge distribution in the spherical domain. The first six values of z i and ξ i for each d are also presented. It can be noticed from this table that ξ i → 0 and z i → z ∞ (constant) as i → ∞. In these pictures the relative magnitude of the charges is represented in a gray scale from black, for ξ 0 (unity), to white, for ξ ∞ (zero). In fact, these charges have images beneath the plane boundary, but they are not shown for the sake of simplicity. The position and magnitude of these image points are -z i and -q i . The potential for the sphereplane is equivalent of the potential of these two groups of charges {q i , −q i }. 3. Solution for the potential, the electric field and other physical quantities
The potential due to a charge of index i in the sphere and its image in the plane is given by The potential due to all charges is completely determined by summing φ i and using Eqs. (1) and (5) in Eq. (7), results in
It is worth to point out that Eq. (8) is a solution for point charges, which is not the actual system of a sphereplane. The solution in Eq. (8) is equivalent to the solution of the sphere-plane system only for (z − z 0 ) 2 + r 2 ≥ a 2 (outside the sphere) and for z ≥ 0 (above the plane). For the region inside the sphere φ = V at any point and beneath the plane φ = 0 at any point. To account for these regions Eq. (8) has to be redefined as
Once φ is given, electric field, capacitance, electrostatic energy and force on the electrodes can be obtained promptly. The electric field can be obtained from E(r, z) = -∇φ and can be written as
where E r and E z are the components of the field in r and z directions respectively, so that E(r, z) = E rr + E zẑ . Fig. 4 shows the potential distribution as a density plot and the electric field lines. Details on the procedure to obtain these figures are shown in Appendix B.
(a) (b) Figure 4 -(a) Density plot of the potential distribution from white, for φ = V , to black, for φ = 0; and (b) the field lines between the electrodes, where the field strength is represented by the density of the lines.
Solution for the electric potential distribution produced by sphere-plane electrodes using the method of images
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The sphere-plane electrode system is a capacitor of which the total charge q is the sum of all charges in the sphere, given by
From the sequences of ξ i in Table 1 it can be seen that the larger d is the faster ξ i converges. So the number of terms to be summed for q in Eq. (12), to reach a specified accuracy, depends on d. A convergence analysis of q and of φ is presented in the next section.
The capacitance is obtained from C = q/V . Combining Eqs. (1) and (12) results in
The electrostatic energy U = 1 / 2 CV 2 is given by
and the force between sphere and plane
The prime mark indicates a differentiation with respect to z 0 . In this way, differentiation of (6) leads to the following recurrent relation to compute ξ i
where z i is given by
The starting conditions for the recurrent relations 
Convergence analysis of charge and potential
The number of terms needed for the total charge q in Eq. (12) to converge depends only on the ratio z 0 /a. Table 2 shows the number of terms needed for q to converge to 99.9 % of its asymptotic value as a function of z 0 /a. An analysis of the convergence of φ may be impor- 13 13 14 14 14 14 13 13 13 12 8 12 13 13 13 14 14 14 14 13 13 13 13 13 13 13 13 13 13 13 12 12 12 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 12 12 12 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 13 z a 0 / = 1.01 z a 0 / = 1.1 Figure 5 -Numbers indicate how many terms are necessary for the potential to converge to 99.9% of its asymptotic value at that point of the space.
Conclusion
We developed the solution for the potential, electric field, capacitance, energy and force for electrodes in a sphere-plane configuration using the method of image charges. Our equation, represented in a cylindrical coordinate system, can easily and conveniently be applied to systems with plane-sphere geometry. The methodology for solving this problem may be used in several other problems of electrostatics. We are confident that our treatment can conveniently be applied by students and engineers working on electrostatics. 
